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Abstract 

. We propose a new Universal Extra Dimensional model that is defined on a six- 

0^ I dimensional spacetime which has a two-sphere orbifold S'^/Z2 as an extra-space. We 

specify our model by choosing the gauge symmetry as SU(3) xSU(2) xU(l)y xU(l)x, 
introducing field contents in six-dimensions as their zero modes correspond to the 
, Standard model particles, and determining a boundary condition of these fields on 

O I orbifold 5*^/^2. A background gauge field that belongs to U(l)x is introduced there, 

■ which is necessary to obtain massless chiral fermions in four-dimensional spacetime. 

We then analyze Kaluza-Klein(KK) mode expansion of the fields in our model and 
derive the mass spectrum of the KK particles. We find that the lightest KK particles 
^ ■ are the 1st KK particle of massless gauge bosons at tree level. We also discuss the 

, KK parity of the KK modes in our model and confirm the stability of the lightest 

KK particle which is important for dark matter physics. 
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1 Introduction 



The Standard Model(SM) has passed all the accelerator experiments. It is, 
however, not a satisfactory theory for all the physicists. There seem to be 
several problems, e.g. a large number of parameters (18 ! even without neutrino 
masses and lepton mixings), the hierarchy problems, and so on. Among them, 
the hierarchy problem strongly drives physicists to construct a model beyond 
the SM. We need to explain the stability of the weak scale to solve the problem. 
For such an explanation, supersymmetry has been mostly employed and the 
consequence of these models are extensively explored. There are also other 
mechanisms, say, little higgs, extra dimensions, and so on. These have not 
been intensively studied compared to supersymmetric models. Furthermore 
there is still a room for new type of models. Since the Large Hadron Collider 
experiment is about to operate, which will explore the physics at TeV scale, 
it is urgent to investigate all the possible models at that scale. 

Among those mechanisms, the idea of Universal Extra Dimensional(UED) 
model is very interesting [TP] . Indeed the minimal version of UED has re- 
cently been studied very much. It is a model with one extra dimension defined 
on an orbifold /Z2. This orbifold is given by identifying the extra spatial 
coordinate y with —y and hence there are fixed points ?/ = 0, vr. By this iden- 
tification chiral fermions are obtained. It is shown that this model is free from 
the current experimental constraints if the scale of extra dimension 1/-R, which 
is the inverse of the compactification radius i?, is larger than 400 GeV PP,[3]. 
The dark matter can be explained by the first or second Kaluza-Klein (KK) 
mode 15 , which is often the first KK photon, and this model can be discrimi- 
nated from other models |5]. This model also can give plausible explanations 
for SM neutrino masses which are embedded in extended models [B]. 

The UED models with more than five dimensions have not been studied ex- 
tensively despite the fact that it can explain some problems in the SM. The six 
dimensional models are particularly interesting. It is known that the number 
of the generations of quarks and leptons is derived by anomaly cancellations 
[7] and the proton stability is guaranteed by a discrete symmetry of a subgroup 
of 6D Lorentz symmetry [S]. Since the above UED model was proposed as a 
six dimensional model with extra dimensions of T^/Z2, it is very interesting 
to pursue six dimensional models with an alternative compactification. 

As a physically intriguing example, there is a model with two dimensional com- 
pact space 5^, which has so far received a little attention (see for some works 
in this direction on the Einstein-Maxwell theory [9] , [10] and the gauge-Higgs 
unification [11], [12], [13]). In models with two spheres, it is well known that 
fermions cannot be massless because of the positive curvature and hence they 
have a mass of 0(l/i?) [TH[T5] . We cannot overcome the theorem simply by the 
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orbifolding of the extra spaces. In another words, we have no massless fermion 
on the curved space with positive curvature, but we know a mechanism to ob- 
tain a massless fermion on that space by introducing a nontrivial background 
gauge field [TB|^ . The nontrivial background gauge field can cancel the spin 
connection term in the covariant derivative. As a result, a massless fermion 
naturally appears. Furthermore, we note that the background gauge field con- 
figuration is energetically favorable since the background gauge kinetic energy 
lowers a total energy. In order to realize chiral fermions, the orbifolding is 
required, for instance. 

In this paper, we study a new type of UED with S'^ extra dimensions. We 
will show that we can construct a model in six dimensions with S"^ /Z2 extra 
space. We extend the SM to the space, employ the method of background, and 
acquire chiral fermions. Due to this orbifolding, all the bosons of the SM can 
be massless in the SU(2) limit. This means the lowest states are completely 
consistent with the SM as they should be. Furthermore, there are KK modes 
for each particle, and the lightest mode among them is stable due to the KK 
parity originated from the orbifolding. Besides the complexity stemming from 
the structure of S"^ instead of S^, the feature is quite similar up to the first 
KK mode. The difference appears from the second KK modes. 

The paper is organized as follows. In Section [21 we recapitulate a gauge theory 
defined on the six-dimensional spacetime which has two-sphere orbifold S'^ /Z2 
extra-space and then specify our UED model with S'^jZ^- In Section [31 we 
analyze KK mode expansion of the each field in our model, and derive the mass 
spectrum of the KK modes. Section [H is devoted to summary and discussions. 



2 Universal Extra dimension model on x S"^ /Z2 spacetime 

In this section, we first recapitulate a gauge theory defined on the six- dimensional 
spacetime which has extra-space as two-sphere orbifold S"^ /Z2. We then con- 
struct a six- dimensional Lagrangian for Universal Extra Dimension Model on 
the spacetime. 

2.1 Gauge theory on x S'^/Z2 spacetime 

We consider a gauge theory defined on the six- dimensional spacetime 
which is assumed to be a direct product of the four- dimensional Minkowski 
spacetime and a compact two-sphere orbifold S'^/Z2, such that = 
X S^/Z2. We denote the coordinate of by = (x^^, = ^, |/<^ = 0), 
where x'^ and {6,4'} are the coordinates and are the S^/Z2 spherical 
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coordinates, respectively. On the orbifold, the point {9, 0) is identified with 
(tt — 6, —4>). The spacetime index M runs over fi G {0, 1, 2, 3} and a G {9, 0}. 
The metric of M^, denoted by Qmn, can be written as 



Qmn 




(1) 



where 'q^y = diag{l, —1, —1, —1) and (7^/3 = diag{R^, R"^ sin^ 9) are metric of 
and S'^/Z2 respectively, and R denotes the radius of S'^ jZ^- We define the 
vielbein e^^ that connects the metric of and that of the tangent space of 
M^, denoted by Iiab-, as Qmn = ^m^n^ab- Here A = {fi,a), where a G {4,5}, 
is the index for the coordinates of tangent space of M^. The explicit form of 
the vielbeins are summarized in the Appendix. 



We introduce, in this theory, a gauge field Apf{x,y) = {Af^{x,y), Aa{x,y)), 
S0(l,5) chiral fermions '^±{x, y), and complex scalar fields y). The S0(l,5) 
chiral fermion y) is defined by the action of S0(l,5) chiral operator 

which is defined as 



r7 = 75 ® 0-3, 

where 75 is S0(l,3) chiral operator and ai{i = 
chiral fermion {x, y) satisfies 



(2) 

1, 2, 3) are Pauli matrices. The 



(3) 



and is obtained by acting the chiral projection operator of SO (1,5), r±, on 
Dirac fermion where r± is defined as 



1 iTy 



(4) 



We can also write '^±{x,y) in terms of S0(l,3) chiral fermion i/) as 




(5) 
(6) 



where iPr{l) is a right (left)-handed SO (1,3) chiral fermion. We should deter- 
mine the boundary condition of these fields on S"^ /Z2 to specify a model. The 
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boundary conditions for each field can be defined as 



<!>{x,7i-9,-4>) = ±<^{x,9,4>) (7) 

A^{x,7T-e,-<p) = A^{x,e,<P) (8) 

Ae,^{x,7r - 6,-(j)) = -Ag^^{x,6,(j)) (9) 

^(x,7r-^,-0) = ±75^(x,^,0) (10) 



by requiring the invariance of a six-dimensional action under the Z2 transfor- 
mation. 

The action of the gauge theory is written, in general, as 
S = J dx^R^ sin edOdcj) 

+ (D^^$)*Da/$ - V{^) - X^±(!?^^^ , (11) 

where Fmn = dMA^iX) — d^AMiX) — [Am{X), An{X)] is the field strength. 
Dm is the covariant derivative including a spin connection, V{^) is the scalar 
potential term, and represents the 6-dimensional Clifford algebra. Here 
Dm and Ta can be written explicitly as 



D^ = d^- lA^, (12) 

De = de- lAe, (13) 

D^ = d^-iA^{-i^-cose), (14) 

= 7/. ® I2, (15) 

r4 = 75 (g) ZCTi, (16) 

Ts = 75 (g) zcTs, (17) 



where {7^,75} are the 4-dimensional Dirac matrices, I^^ is c? x (i identity, and 
S3 is defined as S3 = I4 (g) (T3. We note that the spin connection term in D^ is 
applied only for fermions. 

We discuss the condition to obtain massless chiral fermions in four- dimensional 
spacetime. The positive curvature of an extra-space gives mass to fermions in 
four- dimensional spacetime even if we introduce chiral fermions in a higher- 
dimensional spacetime. The spin connection term for fermions in Eq. (iMl) 
expresses the existence of positive curvature of S"^ and leads mass term of 
fermions in four- dimensional spacetime. We thus need some prescription to 
obtain a massless fermion in four- dimensional spacetime within our model 
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since 5*^ has the positive curvature. We then introduce a background gauge 
field which has the form [9|llfl7] 

A^ = Q cose (18) 

where Q is a charge of some U(l) gauge symmetry, in order to cancel the 
mass from the curvature and to obtain massless fermions in four-dimensional 
spacetime. Indeed, A^ cancel the spin connection term for the upper(lower) 
component S0(l,3) fermion in Eq. ([5]) if the fermion has the charge Q = 
+ (— )| and the upper(lower) component gets a massless Kaluza-Klein mode. 



2.2 The Lagrangian of the model 



Here, we specify our model. Chose the gauge group G as the standard model 
gauge group with an extra U(l)x gauge symmetry , i.e. G=SU(3) x SU(2) 
X U(l)yX U(l)x, and introduce background gauge field which belongs to 
the gauge field of the extra U(l). We must introduce the extra U(l) to ob- 
tain all the massless chiral SM fermions in M^, otherwise some SM fermions 
have masses, inevitably, from the positive curvature of S"^ when we introduce 
background gauge field which belongs to U(l)y. 

We introduce fermions Q{x,y),U{x,y), D{x,y), L{x,y) and E{x,y) that be- 
long to representations of SU(3) xSU(2) xU(l)y, which are the same as the 
left-handed quark doublet, right-handed up-type quark, right-handed down- 
type quark, left-handed lepton doublet and right-handed charged lepton. We 
then assign the extra U(l) charge Q = ^ to these fermions as the simplest case 
in which all massless SM fermions appear in four-dimensional spacetime. The 
chirality of S0(l,5) and boundary condition for these fermions are determined 
to give massless SM fermions in four-dimensional spacetime, as summarized 
in Table [U The Higgs field H{x,y) is introduced to not have U(l)x charge 

Table 1 

S0(l,5) chirality and boundary conditions for each fermions in six dimensions. The 
signs for boundary condition express the sign in front of 75 in RHS of Eq. (llOp . 



Fermions 


SO (1,5) chiraUty 


boundary conditions 


Q{x,y) 






U{x,y) 


+ 


+ 


Dix,y) 


+ 


+ 


L{x,y) 






E{x,y) 


+ 


+ 



and to be even under the Z2 action so that Yukawa coupling terms can be 
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constructed. 



The action of our model in six-dimensional spacetime is written as 



5*61) = J dx^R^ sin 



(Q, U, D, L, E)iV''Dm{Q. U, D, L, E) 



+[KQUH* + XdQDH + X^LEH + h.c] 



(19) 



where i = SU{3), SU{2),U{1)y and U{l)x, and LniggsiH) denotes a La- 
grangian for Higgs field. The action in four-dimensional spacetime is obtained 
by integrating the Lagrangian over S'^ jZ^ coordinate. 



3 KK mode expansion and particle mass spectrum in four-dimensions 



In this section we analyze Kaluza-Klein expansion of each field in our model, 
and derive mass spectrum of the Kaluza-Klein modes. 



3. 1 KK mode expansion of the fermions 



The fermions \l/(x, y) can be expanded in terms of the eigenf unctions of square 
of Dirac operator iD on 5*^/^2 where the Dirac operator is written as 



iD = ie°'"'iaaDa ® 75 



R 



(^iide + '^) + (r2i-^d^ + iQcote)\ ^75, (20) 



where Q is the U(l)x charge operator in our model. We thus need to derive 
eigenf unctions of (iD)"^ first. The square of the Dirac operator (i-D)^ is written 
as 



1 

^2 



1 



sin 6' 



^^(sin 9de) 
1 

~4 



^ I sm d 



sin^ Q 
1 



4sin2^ 



sin^^ 



cot^ Q 



(21) 
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We then obtain the eigenvalue equation of («-D)^ as 
1 r 1 



i?2 



sin 6 
1 



deism. Ode) + 



1 ^2 , ov^ cos 61 

9i + 22((5 - —)—^d^ 



2 ' sin^ d 



1 



4 4sin2^ 



sin'^ 



Q2 cot^ ^ 



(22) 



where — express the eigenvalue of {iDY and Q is the U(l)x charge of the 
^(^, 0). We expand '^{9, (p) to solve the equation such that 



E 



(23) 



where m is an integer. The eigenvalue equation becomes 



— ( 

dz 



d_ _ Tn" + 2m{Q-^ )z + {Q - 
dz 



1, ( «Am(^) 



4' 



(24) 



where we changed the variable as ^ — ?■ 2; = cos 6'. Here we note that the 
replacement of m with —m and Q with —Q corresponds to the exchange of 
a Am and f3xm- We next put axm and f3xm in the following form 



(25) 



;i _ ^)|l™+Q-|l(i + 2)|l— Q+^l^^^(^) 
,/3Am(^) J 1^(1 - zy^lm+Q+h^l + z)h\rn-Q-h\r^^^^z) 

We finally find the equation for rixm and ^xm by applying Eq. (l25l) to Eq. (!24l 



as 



and 



(1-z^) 



d 



2(\m\ + l)z— -m^ - \m\ + R^\^ 
dz 



(26) 



d 



1 - -2)3-^ + {|m-l|-|m+l|-(|m-l| + |m+l| + 2)z} — 



--m 
2 



-|m — 1| |m + 1| 



-(\m 
2^' 



|m + l|)-- + i?2A2 



dz 

VXmiz) = 

(27) 



where we substitute | for Q since all the fermions have this charge in our 
model. These equations can be attributed to the differential equation for the 
Jacobi polynomial -P^"'^^; the properties of the Jacobi polynomial and their 
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differential equation are summarized in Appendix B. We thus obtain the eigen- 
functions ^xm, Vxm of the form 



p(|m|,|m|)/ \ 



for m 7^ 0, 



for m = 0, and the eigenvalue A; as 



(28) 
(29) 



(30) 
(31) 



A 



/(/ + 1) 



(32) 



. For any m, here an / is integer which satisfy / > m and C*^^)S are normal- 
ization constants. The normalization of the eigenfunctions are chosen as 



Im 



ra!(2/ + |m| + l)r(Z+|m| + l) 

^ 22iH+ir(/ + i)r(/ + i) ' 



(33) 



c: 



Im 



n\{2l - 2 


m 


+ 


m + 1 


+ 


m — ] 


l + i)r(/- 


m 


+ 


m + 1| + 


m - 1| + 1) 


2|m+l| + 


™-i|+ir(/ 




m 


+ 1 


m + l| + i)r(/ 




m 


+ 


m — 


1| + 1) 



so that 



\ai^{z)\^dz = / \(3i^{z)\'^dz 



(34) 
(35) 



where we choose relative phase of the normalization constants as defined above 
for later convenience. We therefore obtain the eigenfunctions of (^-D)^ as 



Im \ 



C|™(1 - z)^IH(i + z)k\m\p{\^UM)^^~^ 

C^™(1 - z)il-+i|(l + z)il— iip£7^'i'i"^-'i)(z) 

(36) 



for m 7^ and 



Im \ 



^Oiio{z)\ 






V2^ 1 



CfPl' -[z] 



(37) 



for m = 0. These eigenfunctions satisfy the orthogonality relations 



(3J 
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We note that the eigenfunction for (/ = 0,m = 0) has only upper component 
since Pq-i = 0. 



We can obtain the KK mode functions for chiral fermions '^±{x,6,(j)) which 
satisfy the boundary conditions Eq. ( ITOl) in terms of aim{z, (j)), f3im{z, (f)), aio{z) 
and /3iq{z) in Eq. (l36i) and ( 1371) . These KK mode functions are summarized 
below. 



(1) The KK mode function for 6', </>) which satisfy the boundary con- 

dition 71 — 9, —(f)) = ±75\l/_|_(a;, 9, (p) are 

(a) m 7^ 



(±75), 
+l\mY 



X, 6*, 



(39) 



(b) m=0 



^ i[«,o(^)±(-l)'aw(*k°(a;) 

y[A_io(^)±(- 



-1)'A^ 



V A^(^)V'i%)(^) y 



-10(^)]V^i°(x)y 



(40) 



(2) The KK mode function for \l/_(x,^,0) which satisfy the boundary con- 
dition (x, 71 — 9, —(f)) = ±75\l/_ (x, 9, 0) are 
(a) m 7^ 



— l\m\ 



x,9,(f)) 



^[a^„,(^,0) T (-l)'-Ha,_„(2,0)]V'r'(a; 



:|m| , 



;)=[A™(;^,0) ± (-l)'^™lA-m(^,0)]4™'(^) 



.V2 



'a 



,l\m\. 



(41) 
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(b) m=0 



(42) 



where ip{x)s are S0(l,3) spinors. We can explicitly confirm that these KK 
mode functions satisfy the boundary conditions by straightforward calculation 
using 

aim{-z, -0) = (-1)'"H5^_^(^^ 0)^ (43) 
-0) = 0), (44) 

which are obtained by the definition of aim{z,(f)) and /3im{z,(f)). We therefore 
expand the fermions in six- dimensional space time such that 

*f ^^)(x, ^, 0) = E E ^> (45) 

1=0 m=0 

for fermions \E'+(x,6',</)) which satisfy the boundary condition: \E'+(a;,7r — 
^,-0) = ±75^+(a;,^,0), and 

*L^^^)(x, ^, 0) = E E 0, 0) (46) 

i=0 m=0 

for fermions \E'_(x,6',0) which satisfy the boundary condition: \E'_(a;,7r — 
6,—(j)) = ±75\E'_(x, 6', 0). We also summarize below the action of the Dirac 
operator iD on the KK modes, since it is useful to analyze the KK mass 
terms. 

(1) The KK mode function for \i/+(x,^,0) which satisfy the boundary con- 
dition '^+{x, 71 — 9, —0) = ±75^'_|_(a;, 9, 0) are 
(a) m 7^ 



(±75), 



+l\m\ 
( 

iMi 



X, 9, 



-^[«;^(^,0)±(-l)'-H«,_ 



l\m,\ , 



\ V2 



(47) 
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(b) m=0 



'i[A-ioW±(-i)'A-io(*^°(x)^ 



(2) The KK mode function for ^,0) which satisfy the boundary con- 

dition (x, 71 — 9, —0) = ±75 (x, 9, 4>) are 
(a) m 7^ 



(±75), 



«|m| 
/ 



(49) 



(b) m=0 



(±75), 

-ZO ' 



X, 6', - 



2 I 



«;o(^) T (-l)W(^)]V^^°(x) 

V^[A-io(^)T(-i)'A-io(^)]V^i°(x) 



(50) 



where M; = v^i^H^ These results respect the choice of the phase between 
normahzation constants of upper and lower components in Eq. f p3|) and f p^ 
since the Dirac operator exchange upper and lower components. 

We then derive the kinetic terms and the KK mass terms for each KK modes of 
the fermion in four-dimensional spacetime. The kinetic terms for the fermion 
KK modes are obtained by expanding the higher-dimensional chiral fermion 
^± in terms of mode functions Eq. (139|) . (I40l) . (14T1) . and (l42l) and integrating 
over 9 and 0. We thus obtain the kinetic terms such that 

(1) For ^J"^'^^(x,^,0) 

(a) m 7^ 

(51) 

(b) m = 

j dn¥:^\T^d,^>'':^^^ = ^°°(x)^7"9,< (/ = 0) (52) 



d\2 



[^i?(x)z7^9^^^V^i"(x)z7'^5^^i"] (^7^0) (53) 



1,10 



lOl 



(2) For ¥s^'\x,9 
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(a) m 7^ 

(54) 

(b) m = 

J dn¥_-of^r^^,¥-,l^^ = ^°°(x)27^5^V^f (/ = 0) (55) 
[^^^{x)zYd,^^^ + ^'^{x)zYd,4^^^] (/^O) (56) 



We obtain the mass terms of the fermion KK modes by using Eq. fl39l) - (H2|) 
and Eq. fl47p - (|5U]) and integrating over 6 and 0, such that 

(1) For *V+^^^(x,^,0) 

(a) m 7^ 

(b) m = 

J dm%l^\M%]^^ = (1 = 0) (58) 

= ^ M,feV)^i° + ^i°(x)^g] (/,^0) (59) 

(2) For *L"^'^(x,^,0) 

(a) m 7^ 

/ dn¥_-^:^^^D¥_-^:i = -M, [4-1 (x)4"^l + 4"^! (x)4'"'] (60) 

(b) m = 

1 cil]^^L"oo'^«£'^L"o?^ = (/ = 0) (61) 
/ dQ¥s,^,^\D¥_-,^,^^ 

= -^^^^^^M,[4°(x)4° + V'i°(^)4°] (^^0). (62) 

We have thus confirmed that the fermion '^^S'^^\x,6,(f)){'^^^"'^\x^6^(f))) has 
the chiral left(right)-handed massless mode. 
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We must consider Yukawa coupling of Higgs zero mode and fermion KK modes 
to obtain mass spectrum of the KK particles after the electroweak symmetry 
breaking. The Yukawa coupling term in six- dimensional spacetime has the 
form 



-'Yukawa 



\¥^^'\x, 9, (p)H{x, 9, </.)^r^'^ (x, 9, 4>) + h.c 



(-75), 



(63) 



and we obtain the coupling of Higgs zero mode and fermion KK mode in 
four- dimensional spacetime as 



LvukawaQ — ^ 
Im 



4"^! {x)H^%x)ijT (^) + 4"' {x)H^%x)ijT' {x) 



Jl\m\ 



l\m\. 



-i|-m| , 



+ h.c, (64) 



where we put tilde on fermions which are obtained from After the elec- 

troweak symmetry breaking, the Higgs zero mode have a vacuum expectation 
value(v.e.v) and we have the mass term of the kk mode of the form 




(65) 



where m^s express the masses of the SM fermions originated from the Yukawa 
coupling term. Since this mass term mix and if) we must diagonalize the 
mass term. We change the basis of if) and as 




^ 75 cos ai sin ai 
^—75 sin a; cos ai^ 



(66) 



to diagonalize the mass term, where 

tan2Q;; 

After diagonalizing mass term, we obtain the mass spectrum 



(67) 



M} 



±JMI 



m 



f 



(6J 



We note that the KK mass Mi do not depend on m and ms are not mixed in 
mass terms, so that degeneracy of KK masses is 



/ + 1 



for 



/ = even, 



for 



/ = odd, 



(69) 
(70) 



since m runs to Z. 
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3.2 KK mode expansion of gauge field 



Let us focus on the quadratic terms of gauge field Lagrangian in (fTT]) since 
we would like to know the mass spectrum of gauge fields. Decomposing the 
Lagrangian into 4D components, we obtain 



r quadratic 
gauge 



■ sine [R\d^A^ - d^A^){df'A'' - d^A^) 
-2{{d^Ae){d'^Ae) - 2(9^A,)(9,A^) + {deA,){deA'^)} 
-2\{d,A^){d^A^) 



\^ sm u sm u 

{{de sine A^){de sine A^)-2{de sine A^){d^Ae) + id^Ae)id^Ae)} 

(71) 



where we defined A^ as A^ = A^/ sine for the kinetic term to be canonical. 
We note that the background field (A^) belongs to the U(l)x gauge field and 
hence [A^j^^g, (A^)] = 0. Namely, we have no background gauge field which 
induces masses of An and Ag. 



In order to fix the gauge, the foUwing gauge-fixing Lagrangian that cancels 
the mixing terms A^ and Ag, A^is added. 



1 



^gf 



-9i 



2^g' 
sin e 

2^ 

R^sine' 



R^ sm e 



dg{sineA') + —-d, 
sine 



{d,An' + 



e ( 1 

„4 2 a dg{svneAg) + —,d^A, 
R^svn^e \ sine 



{d^A^)[dg{sineAg 



sin e 



(72) 



where is a gauge-fixing parameter. 
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Combining ( !7T]) and ( !72|) and after partial integration, we obtain 



T quadratic _i_ r 
-^gauge "T -^gf 



sin ^ 



[{define A^){dgsmeA^)-2{desineA^){d^Ae) + 



i?2 sin^ e 
i?2 sin e 



1 



sin^ ^ 



(ae(sinMe) + a<^i, 



sin 9 



-2 + —^^{d^A,){d^A^ 

-2Ud,Ae){d^Ae) + + ((9,sinM<^) - 

^ ^ ri sm C7 



sin e 



e 



sin^ ^ 



9fl('sin6'ylfl 



dA,A„ 



(73) 



We find that KK mass term for the four-dimensional components of gauge field 
can be diagonalized by expanding them by spherical harmonics since the extra- 
kinetic terms can be expressed by the square of angular momentum operator. 
Extra-components of guage field, however, do not have clear form of extra- 
kinetic terms to be diagonalized. We then perform following substitutions. 



61,0) =9e0i(x, 6',0) + - 
Affix, 6, 6 



sin 9 
1 



2(3;, 6*, 



d0(J)2{x, e, (p) - -^d^(f)i{x, 6, 0). 
smb* 



(74) 
(75) 



Here we note that there is no component which is independent of S'^ jZ^ coor- 
dinates since they are forbidden by the boundary conditions. This substitution 
leads 



1 



1 



1 



— (SesinM^) - ^—d^Ae = ^—dg{sm9d0(f)i) + ^-^d; 



sin 9 sin 9 

1 1 ~ 

-( de sin 9 Ag) + —^d^A, 



sin 9 
1 



(76) 



sin 9 



sin 6* 



. dg{sin9dg<P2) + -^dl<P2, (77) 
smt^ sm 9 ^ 



where RHS's are expressed by square of angular momentum opperator acting 
on 01(2). The four-dimensional kinetic term of A^ and Ag is also rewritten as 
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sine ^ 



sin 6 
1 



sin 6' 



(9e(sin6'9e0i) - 
(sin 6*96 02) 



1 



sin'e 
sm d ^ 



-2d^{de(t)2)d^{dM + 29^(9e0i)9'^(9<^02). 



Note that the last two terms are canceled between them after expanding 0i(2) 
by spherical harmonics and performing partial integration. After substitution 
Eq. ([HD and ([75]), we obtain 



T quadratic 
gauge 



R\d^A, - d,A^){d^A'' - d^A^) - 2A^L^A^ 

2 



2 J, \2 



sin e 



(79) 



where = —(1/ sm9)dg(sm9d9) — (1/ sin^)e9| is the square of angular mo- 
mentum operator. It is now clear that diagonal KK mass terms can be obtained 
by expanding gauge fields using spherical harmonics. The mode expansions are 
then carried out in the following way. 



A^{x,e, 



Lm 



h(2) 



'x, 9, 



ilm 



/(^0),m. 



Y, 



X] 



where the mode finction Yi^(9, < 



is defined as 



\l+m 



Y, 



V2 



■[Yim{OA)±{-iyYi-n 



Y, 



lm \ 



YiP^\9) = Yioi9) for m = and / = even(odd) 
= for m = and / = odd(even) 



V2 



±(-lYY, 



l—m \ 



for m 7^ 
] for m 7^ 



^0) 



(82) 
(83) 

(84) 



We note that the mode functions Y^ are eigenfunctions with Z2 parity ± 
under Z2 action {9, 0) — )■ {ti — 9, —0) because of the property Yimiji — 9, —0) = 
(— l)'Yj_m(e, 0). We further notice that the phase factors (i)'+™(+^) in the 
mode functions Eq. (!82|) and (183|1 are required since the fields A^ and 0i(2) 
must be real and the spherical harmonics satisfy (Yim)* = (— l)™Yi_m- 
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Substituting the mode expansions into the Lagrangian (179!) and integrating 
out 9, (f) coordinates leads to 



T quadratic _i_ j 
-^gauge "T -^gf 

Z:even 



Llm\ 



i,m(^0) l(j^O):even 



10 \ 



i,m(^0) i(^0):cvcn 



+ E 



Lm 



E 



- E 



/(/ + !) 



;,m(^0) 
A«0\2 , ('•/iZ0\2 



2R^ 

1 



e E 

Z,m(^0) 



E id.A'^'n' -^^Y. i^A'^y 



2e 



/m(7^0) 



^ (:g 



^5) 



A rescahng — t- was done so that the gauge kinetic term is canonical. 

The KK modes of the 02 are interpreted as Nambu-Goldstone(NG) bosons 
since their KK masses are proportional to the gauge fixing parameter ^. These 
NG bosons will be eaten by KK modes of four dimensional components of 
gauge field giving their longitudinal component. 



Next, let us turn to the Higgs part to incorporate the electroweak symmetry 
breaking effects. Higgs part of the Lagrangian is given by 



^Higgs 



-9 



W sin 6 



g'^'^iD^jHyD^H - V{H)] 



1 



i?2 sin' 6 



\D.H\ 



V{H) 



Dm = du - i92AM 



^7) 



where gi^2 and Am,Bm are the gauge coupling constants and gauge fields of 
SU{2)l,U{1)y gauge groups, respectively. V{H) denotes a Higgs potential. 
The gauge boson masses are obtained from the covariant derivatives as in the 
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standard model by putting the Higgs VEV = (0, 



-^Higgs ^ sin 9 



11 
42 



g2Alj + giBM g2{Aij - iA 



92{A\ 



M 



-g2A 




sine 



-4 {vnl,W;W^ + \m\Z^Z, 



R^ 



E 

Lm 



where Wi(2) and Zi(2) are defined by the substitution Eq. fl7^ and (1751) . 

Combining the results (ISSj) and ( 1551) . the mass spectrum of 811(2)^ x U(l)y 
gauge sector is summarized as follows. 



/([+_!) 

/(/ + 1) 



R^ ' 
/(/ + 1) 



^1 



lm 



rrir 



/(/ + 1) 
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i?2 ' 
/(/ + 1) 
i?2 



7i 



i?2 ^ 
/(/ + 1) 
i?2 ^ 



^Im c^{^ 
72 • C 



i?2 



(89) 



Here we mention extra U(l)x sector in our model. We notice that the U(l)x 
symmetry is anomalous and is broken at the quantum level, so that its gauge 
boson should be heavy [T5]. We thus expect the U(l)x gauge boson and its 
KK modes are decoupled from the low energy sector of our model. 

We, therefore, conclude that the lightest KK particles are 1st KK mode of four- 
dimensional components of massless gauge bosons and that of physical scalar 
boson originated from extra components of gauge field. These kk particles are 
the 1st KK mode of photon 7^^, scalar photon 7}^, gluon g^^ and scalar gluon 
g]^ at tree level. We can also guess that the 1st KK photon is the promising 
candidate of the lightest KK particle after including a quantum correction and 
it would be a good candidate for the dark matter [12] . 
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3.3 KK mode expansion of the Higgs field 



Here we discuss the KK mode expansion and mass spectrum of the Higgs field. 
We thus focus on the kinetic-mass terms of the Higgs field in six- dimensional 
space time. The kinetic-mass term has the form 



(61)) 
■' Higgs— kinetic 



W sin 9 



d^'H\X)d^H{X) 



^deH\X)deHiX) - 

it^ sm (J 



d^H\X)d^H{X)]. (90) 



After partial integration, we obtain 



-(6D) 
Higgs— kinetic 



W sin e 



d>'H\X)d^H{X) 



(91) 



where the derivative operator in the second term has the form of square of 
angular momentum operator. 



The mode expansion of the Higgs field is carried out as follows, 



(92) 



Lm 



since the Higgs field has even parity under the Z2 action. 



Substituting the mode expansion into the Lagrangian Eq. (191 p and integrating 
out 6and(f) coordinates, we find the kinetic and mass terms of the Higgs field 
in four-dimensional spacetime 



I^s-k^neUc-mass = {H^^ (x))^ d.H^^ (x) - {H^^ {x))^ {x) . (93) 

We, therefore, find the mass spectrum of the Higgs field such that 

= (94) 

where niH is the Higgs zero mode mass obtained from the Higgs potential 
after electro weak symmetry breaking. There are / -|- 1 (/) mass degeneracies of 
the KK modes for even(odd) / since m runs from to / for each / and = 
for / =odd. 
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3-4 The KK-parity for each KK modes 



We discuss the KK-parity for each KK modes to investigate the stabihty of 
the hghtest KK particle. In our model, the KK momentum is not conserved 
due to the orbifolding, but the discrete part is still conserved as a remnant of 
KK momentum conservation. We can see that there is an additional discrete 
Z2 symmetry of (6',0) — )■ (^,(/) + vr), which is different from the previous Z2 
symmetry. This symmetry is understood as the symmetry of interactions 
under the exchange of two fixed points on S'^ /Z2 orbifold which are points 
(|,0) and (f,7r). Note that the fixed points have different coordinates 
and TT but the same 9 coordinate 7r/2 so that the Z'^ action shift only in the 
(f) coordinate. The mode functions for each fields in Eqs. ( 145|) .( 146|) . (!80|) . (!8T]) . 
and ( 192|) are transformed under the Z2 action {6, 0) — )■ {0,(f) + vr) such that 



Thus the KK-parity is defined as (—1)™ and we find the KK-parity is conserved 
as a consequence of the Z2 symmetry of the Lagrangian in six-dimensional 
spacetime. We, therefore, can confirm the stability of the lightest KK particle 
which would be the 1st KK mode of photon 7^^ since this mode has m = 1 
and cannot decay into SM particles. We summarize the KK particle masses, 
mass degeneracy and the KK parity in Table. [2] 



4 Summary and discussions 

We proposed a new universal extra dimension model which is defined on the 
six-dimensional spacetime whose extra space is the two-sphere orbifold S'^ jZ^ 
and analyzed the mass spectrum of Kaluza-Klein particles in the model. 

We first specified our model in six- dimensional spacetime x S'^ jZ^- The orb- 
ifold S'^ /Z2 is clarified by operating the Z2 action on S"^ and the feature of the 
gauge theory on x S"^ /Z2 is summarized in section 2. There, we mentioned 
that a massless mode of fermion is obtained if we introduce a background gauge 
field to cancel the mass of fermions which arise from the spin connection for the 
positive curvature of 5*^. The Lagrangian of our model is then constructed by 
specifying the gauge symmetry, the field contents and the boundary conditions 
for each fields. The gauge symmetry is chosen as the SM gauge symmetry with 
the extra U(l)x symmetry, which is SU(3)xSU(2)xU(l)y xU(l)x, where the 
extra U(l)x symmetry is introduced so that all the fermions in our model have 
the massless modes corresponding to the SM fermions. We then introduced 




(95) 
(96) 
(97) 
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Table 2 

Summary of the KK particle masses, mass degeneracy and the KK parity for KK 
modes of fermion ■0^™, four dimensional gauge bosons ^Jj" , scalar gauge bosons 4>''^2) 
and Higgs boson i?'™, where the mj, nig and mn are the zero mode masses for the 
fermions, the gauge bosons and the Higgs boson respectively, which correspond to 
the masses of SM particles. 



particle 


KK mass^ 


mass degeneracy 


KK parity 




+ 


Z + 1 for / =even (0 < m < /) 
/ for / =odd (0 < m < /) 


(-ir 






I + 1 for / =even (0 < m < /) 
/ for I =odd (0 < 771 < /) 


(-ir 






/ + 1 for / =even(/ 0) (0 < m < /) 
/ for I =odd (0 < ?n < /) 


(_l)m 






/ + 1 for / =even(/ 0) (0 < m < /) 
/ for I =odd (0 < m < 


(-ir 






I + 1 for / =even (0 < m < /) 
/ for I =odd (0 < m < /) 


(-ir 



the field contents where the zero modes of the fields correspond to the SM field 
contents under their boundary conditions. Thus the combinations of chirality 
and boundary conditions for each fermions are determined to give the zero 
mode which correspond to the SM fermions as summarized in Table. [H 

We then analyzed the KK mode expansion for fermions, gauge fields, and Higgs 
field. The fermions are expanded in terms of the linear combinations of the 
eigenfunctions of the extra-space Dirac operator which contains background 
gauge field. Those linear combinations are defined to satisfy the boundary 
conditions of the fermions. After the mode expansion and integrating 5*^ co- 
ordinates, we obtained the kinetic term and the KK mass term of fermions in 
four-dimensional spacetime, and confirmed that each fermions have the chiral 
massless mode. The mass spectrum of the fermion KK mode is then obtained 
as in Eqs. flBSl) . flBI?]) and (1701) . The gauge fields are expanded in terms of the 
linear combinations of the spherical harmonics which satisfy the boundary con- 
dition. There we used substitution Eq. (174|) and (!75|) for the extra components 
of gauge field to diagonalize KK mass term of them. We then specified the NG 
boson component originated from extra components of gauge fields which will 
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be eaten by KK modes of four dimensional components of gauge field giving 
their longitudinal component. We then obtained the quadratic terms of the 
gauge fields in four- dimensional spacetime as in Eq. (ISSj) . after gauge fixing 
and integration of the S"^ coordinates. We then analyzed the mass spectrum of 
the gauge fields and summarized the feature of the mass spectrum in Eq. fl89l) 
and in the sentences below Eq. fl89l) . There we noted that the U(l)x symme- 
try is anomalous and is broken at the quantum level, so that its gauge boson 
should be heavy. We thus expect the U(l)x gauge boson and its KK modes 
are decoupled from the low energy sector of our model. The Higgs field is also 
expanded in terms of the linear combinations of the spherical harmonics which 
satisfy the boundary condition. The mass spectrum of the Higgs KK modes is 
specified in Eq. (p4l) and sentences below Eq. (!94|) . These mass spectrum are 
summarized in Table [2] 

We also investigated the KK-parity in our model and found that the KK-parity 
is defined as (—I)'". This KK-parity is conserved as a result of Z2 symmetry of 
the Lagrangian and when the stability of the lightest KK particle with m=odd 
is confirmed. We, therefore, found that the lightest KK photon 7^^, which is 
the promising candidate of the lightest KK particle, is stable and can be a 
good candidate of the dark matter. We must take into account the quantum 
correction to the masses of the KK particles in order to clarify the lightest 
KK particle and the dark matter candidate. Furthermore we need to derive 
all interaction terms. However this is beyond the scope of this paper and we 
leave this for future work. 

It would be very interesting to study experimental signatures of our model 
and compare them with other extra dimensional model predictions. 
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A Geometrical quantity on S'^ 



We summarize the geometrical quantity on S*^ such as vielveins e^, killing 

vectors C,a and spin connection R^. The vielveins are expressed as 

el = R, 
= i?sin6', 

el = el = 0. (A.l) 
The non-zero components of spin connection are 

R? = -Rf = -cose. (A.2) 



B Summary of the Jacobi polynomial 



We summarize the feature of the Jacobi polynomial P^'^{z) (a, /3 > —1) p^. 
The Jacobi polynomial P^'^{z) obey the differential equation of the form 



a{y)P" + r{y)P' + A.P = + = 0, (B.l) 

where p"''^, cr{z), r(z) and A„ are given by 

= + (B.2) 

aiy) = l-z\ (B.3) 

t{z) = (3-a-{a + (3 + 2)z, (B.4) 

Xn = n{n + a + (3 + 1), (B.5) 

where n is a non-negative integer. 

The explicit form of the Jacobi polynomials are given by both the differential 
and integral of Rodrigues' formulas 



f— 11" 1 fl"- 
p("'/3)(2) = ^ L^^J^[a(z)^p(»'^)(z)i (B.6) 
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where the contour of complex integration in the second equation must encircle 
the point z. The orthogonal relation of the Jacobi polynomials is given as 



^ ra n v~;r y~ ^1 (2n + a + /3 + l)r(n + « + /3 + 1) " 

(B.8) 

The recurrence equations for the Jacobi polynomials are summarized such that 
^yP^n^^\y) = \{n^a^{i^\)Pt\'''^'\y) {n>% (B.9) 

' " ^)P^n^'\v) = V^P'r'^'''\y\ (B.io) 



l-y dy l-y' 

(t^ + ^)PlC^'\y) = ^P!r^'^'-%). (B.ii) 

l + y dy 1 + y 
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